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Abstract

In this paper we present efficient graph embeddings for complete k-ary trees into boolean
hypercubes. In particular we describe an efficient embedding of a complete ternary tree
(k = 3) of height h into a hypercube, which achieves dilation 3 and expansion ©(1.0104 . ..%).
The previously best known result is dilation 2 and expansion ©(1.333..."). Our embedding
achieves exponentially better expansion at the cost of an increase of 1 in the dilation. We
also describe efficient embeddings of k-ary trees into hypercubes when k& = 2P % 39 for some

p,q > 0 such that the embeddings achieve small constant dilation.

Keywords: embeddings, dilation, expansion, trees, hypercubes, emulation, algorithm port-

ing, interconnection networks.



1 Introduction

The problem of embedding an n-node graph G into an n-node graph H is an important prob-
lem in parallel and distributed processing. Embedding results have been successfully used to
establish equivalence of interconnections of parallel and distributed machines. Embeddings
have also been successfully used to efficiently simulate an algorithm originally designed for a
network GG onto another network H. Embeddings and their implications to parallel process-
ing have been studied extensively [1, 4, 7, 8, 11, 12]. In this paper we study the problem of
embedding when the guest GG is a complete k-ary tree, and H is a boolean hypercube.

The problem of efficiently embedding a complete k-ary tree into hypercube with & > 3
has largely remained unsolved, even though embeddings of complete and incomplete binary
trees into hypercubes have been known for some time [2, 3]. In a more recent paper [12]
the authors establish embeddings of complete k-ary trees into hypercubes and produce a
function of £ which bounds the dilation of the embedding. For the case £ = 3 the dilation
of their embedding is 2. In this paper we will produce an embedding with dilation 3 whose
expansion, while not bounded, is exponentially smaller than the expansion of the embedding
found in [12]. In addition, we will show embeddings for k-ary trees for values of k of the
form 2P, 37 2P x 37 and p,q > 0. Before describing our results in detail, we define graph
embeddings and their associated cost measures which measure the quality of an embedding.

An embedding ¢ =< f, g > of a guest GG into a host H is defined by an injective mapping
f from the nodes of GG to the nodes of H together with a mapping g that maps every edge
e = (v, w) of G onto a path g(e) connecting f(v) and f(w) in H. We refer to the mapping f
as the assignment. Three commonly and extensively studied cost measures of an embedding
are the dilation, the expansion, and the congestion [2, 7, 9]. The dilation 0 is defined as the
maximum distance between images in H when mapped under g between two adjacent nodes
in GG. The expansion € is defined to be the ratio of the number of nodes in H to the number
of nodes in G. The congestion of an edge e in H is the number of edges ¢’ = (u, v) in G such
that the path g(e’) contains e. Expansion ¢ > 1 implies that the host H is e times larger
than the guest G resulting in a ‘waste’ of the nodes in H which do not have a node assigned.
Researchers have attempted to minimize dilation, expansion and/or congestion. Since most

of the embeddings obtained in this paper achieve small constant congestion (3 in the case of



ternary trees), for brevity we will not include the details for computing congestion.

Ideally we would like to obtain an embedding with § = 1 and 1 < ¢ < 2. Note that
in an injective mapping f of the embedding ¢ expansion € has to be at least 1. In general
researchers have attempted to obtain O(1)-optimal embeddings in which a dilation ¢ of O(1)
and an expansion € of O(1) are achieved. An O(1)-optimal embedding of G into H implies
that algorithms from G can be simulated by H so that the simulation incurs only a constant
factor slow down and only a small fraction of nodes remain idle during the simulation.
Furthermore, an O(1)-optimal embedding of G into H shows that computationally G and
H are equivalent (within a constant factor).

Let T*(h) be a complete k-ary tree of height h. Every non-leaf node in the tree T%(h)
has exactly k children, thus the tree has (k"*' —1)/(k — 1) nodes. Furthermore, let T*(h)
have h + 1 levels numbered 0,1, - -, h such that the root of T*(h) is at level 0. Let Q(d) be
a d-dimensional boolean hypercube with 2% nodes. Nodes in Q(d) can be labeled by their
binary representations bybs - - - by where b; € {0,1}. A node byby -+ - b;_1b;b;y1 - - - by of Q(d) is
connected in the i dimension to node bybs - - - b;_; b;bj 1 - - - by where b; indicates complement
of b;. Hence every node in ((d) is connected to exactly d other nodes. Observe that Q(d)
can be easily partitioned into two smaller hypercubes Q(d — 1) of dimension d — 1 by simply
removing all the edges in the i*" dimension for any fixed i, 1 < i < d.

Our focus of this paper is to consider efficient embeddings of (k"*! — 1)/(k — 1)-node
complete k-ary trees T#(h) into 2¢")-node hypercubes Q(d(h)) where d(h) will be chosen to
minimize expansion as much as possible by our strategy. The main result of this paper is
an embedding of T3(h) into Q(d(h)) with dilation 3 and expansion that is O(1.0105"). This
provides a significant improvement in the expansion over the embedding in [12]. The basic
idea behind our embedding strategy is to start with an embedding of T3(h) into Q(d(h))
and construct the embedding of T3(h + 1) into Q(d(h + 1)) such that we have maximum
possible size complete ternary trees that are composed of unassigned nodes in Q(d(h + 1)).
(Of course, we have to have a complete ternary tree of height A + 1 in Q(d(h + 1)) which
is composed of assigned nodes; i.e., a mapping of T%(h + 1).) We then consider strategies
for efficiently embedding T%(h) into Q(d(h)) for values of k, (k > 3). Our main result here
is that for k¥ = b2P and k = b3P we can construct an efficient embedding ¢ with dilation

O(p + &), provided we are given a dilation §, embedding of T°(h) into a hypercube with



O(1) expansion. This result allows us to more efficiently embed k-ary trees for at least the
situations where k£ = 2P x 37 for some p,q > 0.

Shen, et al. [12] also exhibit embeddings from T%(h) into Q(d(h)) where d(h) = (h —1) %
[log k| + [log(k + 2)] for k > 3.! They establish the dilation §(k) = maz{2, ¥ (k), ¥ (k +2)}
where 1) is a function that satisfies |([log(k)] +1)/2] < ¥ (k) < |logk]| . Table 1 provides
some comparisons between their embeddings and the embeddings in this paper for special
values of k. As can be seen, all expansions grow exponentially with the height A of the tree.
For the case & = 3 the base for the exponential growth of our result is significantly smaller
(much closer to 1) than for that of Shen, et al. For instance, our expansion remains bounded
by 2 for h < 66, while theirs does so only for A < 2. Similar results apply for the case
k =3 x 2P. On the other hand, the situation is not the same for £ = 37 or kK = 37 x 2P. The
exponent base in our expansion geometrically increases with ¢, exceeding 2 for ¢ > 67, while
the exponent base for their embedding remains bounded by 2. However, for 1 < ¢ < 10, ours
compares as well or better, with equality at ¢ = 5 and ¢ = 10. In all cases their dilations
are smaller except for £ = 2P where the dilation is equal. The greatest differences occur for
values of k containing a factor of 39.

The rest of the paper is organized as follows. In Section 2 we present the embeddings of

T3(h). In Section 3 we consider embeddings for T*(h) for specific values of k, k > 3.

2 Embedding Complete Ternary Trees

In this section, we consider efficient embeddings of complete ternary trees into hypercubes.
We present an embedding of a complete ternary tree T'(h) into a hypercube @Q(d) which
achieves a dilation of 3 and ©(1.0104...") expansion.

Let T'(h) be a (3"*' — 1)/2-node complete ternary tree of height h and let Q(d) be
a 2%node boolean hypercube of dimension d. There are at least two ways by which we
can deduce embeddings of T'(h) into Q(d). The first one results in a dilation of 3 and
an expansion of O(4"/3") by first embedding T'(h) into a complete binary tree B(2h) of
height 2h [7] and then embedding B(2h) into Q(2h + 1) [3]. The second one results in a
dilation of O(logh) and optimal expansion by first embedding 7'(h) into a complete binary

1Unless otherwise stated, all logarithms are base 2.



Shen, et al. [12]. This Paper

k dilation o expansion dilation expansion
3 2 O((4/3)") 3 o((2"°/3)")
= O((1.33..)h) = O((1.0104...)")
3 x 2P s(log3 + p) O((1.33...)") p+4 O((1.0104...)")
<di<p+1
2P p+1 <2 p+1 <2
3 (qlog3)/2 <6 O((2lte3l /30)h) 3q O(((1.0104...)9)")
< qlog3
39 x 20 | (p+ 1+ (glog3))/2 <6 | O((2M4e31/30)h) | p+ 3¢ +1 | O(((1.0104...)9)")
<p-+qlog3

Table 1: Embedding Comparisons

tree B([log(3"*! —1)] — 1) [2] and then embedding this complete binary tree optimally
into hypercube [3]. Observe that while the first embedding achieves a smaller dilation with
unbounded expansion, the second embedding achieves an unbounded dilation with optimal
expansion. Shen et al. [12] have considered embeddings of T*(h) into hypercubes. For the
case k = 3 the dilation of their embedding is 2 and the expansion is ©((4/3)"). In this
section we describe an embedding of T?(h) into a hypercube which achieves a dilation of 3
and an expansion bounded by O(1.0105").

In order to embed T'(h) into a hypercube with optimal expansion, the dimension d of the
hypercube has to be [log(3"*! — 1) — 1]; however, as will be shown later we use dimension
d(h) = [1.6h] + 1.

We next describe our strategy for embedding T'(h) into Q(d(h)). The basic idea behind
the strategy is as follows: Suppose we have an efficient embedding ¢ of T'(h) into Q(d(h)).
In order to obtain an embedding of T'(h + 1) into Q(d(h + 1)), we first try to use as many
unassigned nodes of Q(d(h)) as we can so that: (1) the dilation of the resulting embedding is
the same as ¢; (2) Q(d(h+1)) is at most Q(d(h)+2); and (3) in the resulting embedding we

have unassigned nodes which can be used to form embedded ternary trees with maximum



possible height (< h + 1). The novelty of our approach lies in the way we have unassigned
and assigned nodes during the embedding of T'(h + 1) into Q(d(h + 1)) with dilation 3.
Before describing the details of our embedding, we next define the notations that are used
throughout the embedding.

Given a complete ternary tree T'(h) of height h, we denote the root as to(h) and its three
children as t;(h — 1), ta(h — 1), and t3(h — 1). Continuing in this fashion, if a non-leaf node
of T'(h) is labeled by ¢,(h’) then its three children are labeled by t,1(h' — 1), tzo(h' — 1) and
tz3(h' — 1), for 0 < h' < h—1. In an embedding of T'(h) into Q(d(h)), if node t,(h") of T'(h)
is assigned to node w of Q(d(h)), then we may interchangeably refer to w as ¢,(h’) and vice
versa. Furthermore, we will select two specific nodes u and v such that u is at most distance
two from ¢y(h), and v is adjacent to w. The particular choices of v and v will be critical to
the embedding. Let F'R(h) denote a forest of complete ternary trees with maximum height
h such that the trees represent the embeddings using the unassigned nodes of Q(d(h)) in
an embedding of T'(h) into Q(d(h)). If there exist y complete ternary trees of height A’
h' < h and y > 1, in FR(h), then we denote them as Fy(h'), F5(h'),- - F,(h'). For a free
complete ternary tree F;(h'), we denote its root as f;(h') and the root’s three children as
fit(h' =1), fia(h' —1), and f;3(h'—1). Continuing in this fashion, if a non-leaf node of F;(h')
is labeled by f,(h"), h" < I, then its three children are labeled by f.i(h" — 1), fe2(h" — 1),
and f3(h” —1). Let |T'(h)| and |FR(h)| denote the number of nodes in T'(h) and FR(h),
respectively.

We are now ready to describe our embedding of T'(h) into Q(d(h)) with dilation 3.
Depending on the relative sizes of T'(h) and Q(d(h)) and whether Q(d(h+1)) = Q(d(h) +1)
or Q(d(h + 1)) = Q(d(h) + 2), we have five cases. The basic strategy for each case is to
start with an embedding of T'(h) into Q(d(h)) with dilation 3 and with a forest FR(h)
of unassigned nodes in Q(d(h)), and then extend this embedding so that we obtain an
embedding of T'(h + 1) into Q(d(h + 1)) with dilation 3. Furthermore, we try to obtain as
large a free forest FR(h + 1) as we can. Observe that if Q(d(h + 1)) = Q(d(h) + 2), then
we can obtain a larger forest FFR(h + 1). Furthermore, in order to obtain the embedding
of T(h + 1) into Q(d(h + 1)), if Q(d(h + 1)) = Q(d(h) + 1) then we have two copies of
Q(d(h)) each containing an embedding of T'(h) with free forest F'R(h). Otherwise we have
four copies of Q(d(h)) each containing an embedding of T'(h) with free forest F'R(h) since



Q(d(h + 1)) = Q(d(h) + 2). We may label the i"* copy of Q(d(h)) in Q(d(h) + 2) or in
Q(d(h) + 1) as bin(i)Q(d(h)), where bin(i) is a binary representation of i with length 2 or 1
respectively, and ¢ = 0,1,2,3 or 7 = 0,1. This in turn induces a labeling of all the nodes in
Q(d(h) + 1) or Q(d(h) + 2). The result or output of each case will provide the input for the
next case.

To provide the input or basis for Case 1, we show how to embed T3(1), T?(2), and T3(3)
into hypercubes Q(3), Q(5), and Q(6) respectively. Figure 1 shows a copy of Q(6) divided
into two copies of Q(5), (y = 0,1). Each copy of Q(5) consists of four copies of Q(3),
(z =00,01,10,11). We will refer to nodes in this structure as y/z/b1bsbs. Asterisks will be
used to refer to sub-hypercubes. For example 0/0*/*** represents the top Q)(4) portion of
the hypercube in Figure 1.

Setting z = 00 and y = 0 the embedding of T3(1) into Q(3) is accomplished by assigning
to(1) to 0/00/000 and assigning its three children to 0/00/001, 0/00/010, and 0/00/011.
This results in dilation and congestion 2. Note that the nodes are actually assigned to the
hypercube 0/00/0**, and there is room for another copy of 7%(1) in 0/00/1**.

Setting y = 0 and considering Q(5) as four copies of Q(3), the embedding of T3(2) is
accomplished as follows. Assign the root ¢y(2) to 0/00/100. (Note that this node will be
assigned #;(2) in the embedding of T3(3), as described in the next paragraph. For this
embedding ignore that assignment.) The children ¢;(1), t2(1), and t3(1) of ¢5(2) are assigned
to 0/00/000, 0/01/100, and 0/01/000 respectively. Assign the remaining nodes of these
subtrees of height one in 0/00/0**, 0/01/1**, and 0/01/0** as was done for 7%(1). Note
that the node assignments all accur in 0/0*/*** leaving 0/1*/*** unassigned or free for
another copy of T%(2). The dilation and congestion remain 2.

For the embedding of 7%(3) into Q(6), assign the root #y(3) to 0/00/101 and its three
children, t,(2), ?5(2), and ¢3(2), to 0/00/100, 1/00/100, and 1/10/100 respectively. The re-
maining nodes of these subtrees of height 2 are assigned in 0/0* /*** 1/0* /*** and 1/1%* /***
as they were for 73(2). Note that the nodes in 0/1*/*** are unassigned and free for another
copy of T3(2) rooted at 0/10/100. The dilation is 3, and the congestion is 2. Finally, ob-
serve that by setting v to 0/10/101 and v to 1/10/101, this embedding can be represented
compactly by the diagram in Figure 2. Replacing 3 by h will provide the base case for our
recursive embedding. We assume that 72(h) can be embedded in Q(d(h)) such that there
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Figure 1: Embeddings of T3(1), T3(2), and T°?(3).
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Figure 2: Representation for Embedding of T3(3).

is a free tree FR(h — 1) and additional free nodes v and v as illustrated. For clarity we will
not show all connections in the diagrams that follow. The dilation of the embedding can be
computed by considering the bit differences in the node assignments.

In the following cases, the notation |FR(h)| > n|T(h')| will imply, in addition to the
cardinality implications, that F'R(h) has room to embed n copies of T'(h') using the embed-
ding strategy already defined for T'(h'). The notation |FR(h)| > n|T'(h")| + 2 will further
imply that F'R(h) contains n copies of T'(h') plus two nodes u and v as described earlier.
When node assignments are made in the figures and discussion, nodes on the left refer to
those in the current case, and nodes on the right refer to those in the input or previous case.
Finally, note that if g(e) has dilation 3, there are several paths in the hypercube that could
be chosen. In the embeddings that follow our goal is to keep the congestion at most 3. Part
of the strategy for doing this will be to minimize the use of the edges connecting the new
and v to the adjacent embedded trees. In all but Case 4 these edges will have no congestion
(i.e., they are not used in the embedding) as they are supplied to the next case. This will

maximize their availability in the subsequent embedding.
Case 1: |FR(h)|>|T'(h—1)|+2 and d(h+1)=d(h)+2

We are given an embedding of T'(h) into Q(d(h)) with free forest FR(h) in Q(d(h)) so
that the forest contains a complete ternary tree Fj(h — 1) of height h — 1 with dilation 3

and congestion at most 3. The root of F;(h — 1) is adjacent to the unassigned node u of
FR(h), node u is adjacent to the root ty(h) of T'(h), and node v is adjacent to node u. We
must construct the embedding of T'(h + 1) into Q(d(h + 1)) with free forest F'R(h + 1) such
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Figure 3: Sketch of an Embedding for Case 1.

that it has two complete ternary trees of height h, one complete ternary tree of height h — 1,
and two unassigned nodes u and v. Figure 3 presents one such embedding. Observe that we
have four copies of Q(d(h)) into Q(d(h + 1)). We assign node ty(h + 1) to node 00u, and
let t1(h) = 01to(h), ta(h) = 10ty(h) and t3(h) = 11ty(h). Hence, we have the embedding of
T(h+1)in Q(d(h+1)) with dilation 3. In order to obtain the claimed free forest FR(h+1),
let w = 00v, v = 0lv, and fi(h) = 00¢y(h) which gives us a free complete ternary tree F(h).
In order to construct the second free complete ternary tree Fy(h) with dilation at most 3, let
fa(h) =100, for(h—1) = 10fi(h—1), f22(h—=1) = 11f1(h—1), and fo3(h—1) = 00f1(h—1).
This completes the description of Case 1.

Case 2: |FR(h)|>2x|T'(h—1)|+|T'(h—2)|+2 and d(h+1)=d(h)+1
In this case, we have two copies of Q(d(h)) in Q(d(h + 1)) such that every copy contains

an embedding of T'(h) and free forest F'R(h) with dilation 3 and congestion at most 3. Our
goal is to construct the embedding of T'(h+1) into Q(d(h+1)) so that the dilation remains 3

and we have a free forest F'R(h+1) containing one complete ternary tree of height h—1, two
complete ternary trees each of height h — 2, and two nodes u and v. Figure 4 presents one
such embedding. Tree T'(h+ 1) can be viewed as node t5(h+ 1) connected to three complete
ternary trees of height h with their roots as ¢;(h), t2(h) and t3(h). By assigning node
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to(h + 1) to node Ou and by letting t;(h) = 0ty(h) and t2(h) = 1ty(h), we can easily obtain
the root of T'(h 4+ 1) and its first two complete ternary trees. In order to obtain the third
complete ternary tree, we assign node t3(h) to free node Ov and let t3;(h — 1) = 0f1(h — 1),
tsa(h — 1) = 0fa(h — 1) and t33(h — 1) = 1fy(h — 1). It is not very hard to see that the
dilation is kept at 3 and the congestion at most 3. In order to obtain the claimed free forest
FR(h+1), we let fi(h—1) = 1fi(h — 1), fa(h —2) = 1f3(h = 2), fs(h —2) = 0f3(h — 2),
u = lu and v = 1v. It is again easy to see that the dilation and congestion for the three free

complete ternary trees in Q(d(h + 1)) are also 3.

Case 3: |FR(h)| > |T(h—2)|+2*|T(h—3)|+2 and d(h+1) =d(h)+2

In this case we are given a dilation 3 embedding of T'(h) with free forest FR(h) in each
of the four copies of Q(d(h)) in Q(d(h+1)). Our goal is to obtain a dilation 3 embedding of
T(h+1) into Q(d(h+1)) with free forest F'R(h+ 1) so that it contains one complete ternary
tree Fi(h) of height h, two complete ternary trees Fy(h—1) and F3(h—1) of height h—1 each

and free nodes v and v. Figure 5 presents one such embedding. The dilation 3 embedding
of T(h + 1) can be easily obtained by assigning node t5(h + 1) to node 00v and by letting
t1(h) = 00ty(h), ta(h) = 01te(h) and t3(h) = 10ty(h). In order to obtain the free complete
ternary tree Fy(h) of height h, we simply let fi(h) = 11¢y(h). We can obtain the free tree
Fy(h — 1) by assigning node fo(h — 1) to node 00u and letting fo; (h — 2) = 00f;(h — 2),
faa(h = 2) = 01fi(h —2) and fa3(h —2) = 10f1(h — 2).

The free tree F3(h — 1) can be viewed as node f;(h — 1) connected to three complete
ternary trees of height h —2 each with their roots as f31(h—2), fs2(h—2) and f33(h—2). We
further view the second complete ternary tree as having its root node f3s(h — 2) connected
to three complete ternary trees of height h — 3 rooted at nodes f3o1(h — 3), f322(h — 3) and
f323(h—3). A similar thing holds for the third complete ternary tree of height h—3. In order
to obtain F3(h— 1) with dilation 3, we can assign node f3(h—1) to node 11v, node f3,(h—2)
to node 0lv and node fs33(h — 2) to node 10v. Furthermore, we also assume f3;(h —2) =
11f1(h = 2), fa21(h —3) = 01f2(h —3), fsoa(h —3) = 01f5(h — 3), fa23(h —3) = 00f2(h — 3),
faz1(h = 3) =10f2(h = 3), fss2(h — 3) =10f3(h — 3) and f333(h — 3) = 11f2(h — 3). Finally,
by letting v = 0lu and v = 11u we have the claimed free forest F'R(h + 1) with dilation and

11
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congestion 3.

Case 4: |FR(h)| > |T(h—1)|+2x|T(h—2)|+2 and d(h+1)=d(h) +1
In this case we are given Q(d(h + 1)) with two copies of Q(d(h)) such that each copy

contains a dilation 3 embedding of T'(h) with free forest F'R(h). We are supposed to construct
a dilation 3 embedding of T'(h + 1) into Q(d(h + 1)) with free forest F'R(h + 1) so that it
contains a complete ternary tree Fi(h — 2) of height h — 2 and a free node u. Figure 6
presents one such embedding. As in some of the previous cases, we again view tree T'(h+ 1)
to be composed of its root to(h + 1) which is connected to three complete ternary trees
rooted at nodes ¢(h), ta(h) and t3(h). We further view the third tree to be composed of
its root t3(h) so that it is connected to three complete ternary trees with their roots as
t31(h — 1), tza(h — 1) and t33(h — 1), and subsequently the complete ternary tree rooted at

t33(h — 1) is also viewed to be further divided into its subtrees. As shown in Figure 6, by
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Figure 7: Sketch of an Embedding for Case 5.

assigning node ty(h + 1) to node Ou, node t3(h) to node 1v, node t33(h — 1) to node lu, and
assuming ¢1(h) = 0to(h), ta(h) = Lto(h), tsi(h — 1) = 1fi(h — 1), tso(h — 1) = 0f1(h — 1),
t331(h —2) = 1fa(h —2), t332(h —2) = 1f3(h —2) and t333(h —2) = 0fy(h — 2), we can obtain
a dilation 3 embedding of T'(h+1). Finally, the free forest F'R(h+ 1) can be easily obtained
by assuming f(h —2) = 0f3(h — 2) and u = Ov.

Case 5: |FR(h)| > |T'(h—3)|+1 and d(h+1)=d(h)+2

Here, we are given four copies of Q(d(h)) into Q(d(h + 1)) so that every copy contains a
dilation and congestion 3 embedding of T'(h) into Q(d(h)) with free forest F'R(h). Our goal
is to obtain a dilation 3 embedding of T'(h+1) into Q(d(h+1)) with free forest FR(h+1) so

that it contains a complete ternary tree Fi(h) of height h with free nodes v and v. Figure 7
presents one such embedding. In order to obtain the dilation 3 embedding of T'(h + 1), we
assign node ty(h+1) to node 00u and let ¢, (h) = 00ty (h), ta(h) = 10to(h) and t3(h) = 11ty(h).
In order to obtain the free tree Fy(h) we use the free tree rooted at node 01¢y(h). Finally,

to complete this case we let © = 0lu and v = 11u.

Now, observe that after Case 5 we have exactly the same conditions that are needed by

Case 1 and hence our embedding can loop through cases 1, 2, 3, 4, and 5 to obtain embeddings
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of T'(h) into Q(d(h)) for higher values of h > 9. The base case for input to Case 1 had
congestion 2, and the congestion for Case 5 output was 3. It should be pointed out that the
edges connecting v and v to the embedded tree and to the free tree in Case 5, are not used
in the embedding itself; therefore, they have congestion zero when supplied to Case 1. This
will provide sufficient path choices in subsequent embeddings to keep the congestion at 3.
In each of these cases in order to obtain the embedding of T'(h + 1) from the embedding of
T'(h), we used the condition that when the height of ternary tree increases by 1, the number
of nodes in the hypercube needs to at least increase by a factor of two but no more than
a factor of four from the original size. Repeating cases 1 through 5 results in a repeating

pattern of increases for d(h) of 2,1,2,1,2. Therefore, d(h) can be described recursively as

follows:
(3 ifh=1
5 ifh =2
d(h) =14 6 ifh=3

d(h—1)+2 ifhmod5 =13, or4, h>3
dlh—1)+1 ifhmod5=0o0r2 h>3

\

Theorem 1 Any complete ternary tree T'(h) of height h can be embedded into a hypercube
Q(d(h)) of dimension d(h) = [1.6h] 4+ 1 with dilation and 3.

Proof: We use mathematical induction to show that d(h) as defined above equals [1.6h] 1.
It is easily verified for 1 < A < 8. Let m > 9 be an integer, and assume it is true for all
values of h, 1 < h < m. Note that d(h 4+ 5) = d(h) + 8 for h > 3. Therefore, d(m) =
dim—5)+8=[1.6(m—-5)]+1+8=[1.6m—-8]+9=[1.6m|+9—-8=[1.6m]+1. 1§

Theorem 1 gives us an embedding of an n-node tree T'(h) into an m-node Q(d(h)) so
that the dilation and congestion are 3 and the expansion is n/m = 2¢M+1/(3h+1 _ 1) More
specifically, the expansion used by our embedding is ©(2%5"/3") = ©(1.0104..."), which
remains bounded by 2 for h < 66. (A complete ternary tree of height 66 would have in
excess of 103! nodes!)

We conclude this section with Theorem 2 regarding the expansion of any embedding
method which repeats in a manner similar to the repeating pattern of the embedding strategy

above.
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Theorem 2 Let k be an integer greater than 2 which is not a power of 2, and let ¢ : T*(h) —
Q(d(h)) be an embedding strategy. For h > 2 let A(h) = d(h) —d(h —1). Suppose that there
exist positive integers n and p such that if h > n then A(h) = A(h+p) ; i.e., the sequence of
hypercube dimensions eventually increases in a finite repeating pattern. Then the embedding

¢ has exponential expansion.

Proof: Let m = Y}7?7" A(h), the constant amount by which d(h) increases over each block
of length p. Over each such block the hypercube increases by a constant factor of 2™, while
the k-ary tree grows by a factor which is ©(k?). Since k is not a power of 2, kP # 2™,
Therefore, 2™ > kP, since Q(h) must remain large enough to contain T%(h) for all values of
h. If we set = 20™/P) /k, then 2 > 1, and the expansion of ¢ is ©(z"). 1

If an embedding is to be a repeating type as described, it must have exponential expan-
sion. It is, therefore, important to find repeating patterns that produce small exponent bases
(as close to 1 as possible). Generally, it may prove too complex to expand this technique for

other values of k, particularly for larger prime values.

3 Embedding Complete k-ary Trees

In the previous section we considered efficient embeddings of complete ternary trees into
hypercubes. Naturally the question of efficient embeddings of complete k-ary trees with
k > 3 into hypercube arises. In this section we provide results on such embeddings for
specific values of k. Our main result of this section is the following: If there exists an efficient
embedding of a complete b-ary tree T°(h) into a hypercube with dilation d, and expansion
O(f(h)), b > 2, for some function f, then there exists an embedding of a complete k-ary tree
into a hypercube with dilation O(p+ d,) and expansion O(f(h)) whenever k = 2P > 2. This
result gives us efficient embeddings of complete k-ary trees whenever k = 3 x 2P or k = 27",
In fact this result can also be generalized to obtain efficient embeddings for the situations
when k£ = b3°.

Let T*(h) be a complete k-ary tree of height h and (kK"*' — 1)/(k — 1) nodes. Let the
root of T*(h) be at level 0, the root’s children be at level 1,- -, and leaf of T*(h) be at level
h. We first describe some straight forward embeddings of T%(h) into hypercubes whenever
k is a power of b for b = 2 or b = 3 so that they motivate our embedding strategies. We then

16



describe our main result and its implications. Let us start with the problem of efficiently
embedding a tree T%(h) into a hypercube Q(d) for k = 27 > 2. We know that T?(h) can be
optimally embedded into Q(h + 1) with dilation 2 and expansion O(1) [3]. Throughout this
section, we refer to this embedding as Bl-embedding. In order to embed 72" (h) into Q(d)
we may use a two step embedding. In the first step we can embed T2 (h) into a complete
binary tree T?(ph) of height ph by simply assigning nodes at level i of T?"(h) to nodes at
level ip of T?(ph) in a 1-1 fashion, 0 < 4 < h. It is easy to see that the dilation can be
kept to be no more than p. In the second step we can now optimally embed T?(ph) into
Q(d) = Q(ph+1) using the Bl-embedding. Combining the first and second step gives us the
embedding of 7% (h) into Q(ph + 1) with O(p) dilation and O(1) expansion. More precisely,
the dilation is p + 1 since only one edge of T?%(ph) gets dilated by 2 in the Bl-embedding.

Let us now consider the problem of efficiently embedding 7%"(h) into a hypercube. We
can use a two step approach which is similar to the one used in the embedding of 72" (h).
In the first step, we can easily embed T (h) into T%(ph) with dilation p by assigning nodes
at level 7 of T%"(h) to nodes at level ip of T3(ph) in a 1-1 fashion. In the second step, we
can now embed T?(ph) into Q([1.6ph] + 1) using the embedding of Section 2 with dilation
3. Combining these two steps gives us an embedding of 7% (h) into Q([1.6ph] + 1) with
dilation O(p) and expansion O((216/3)P"). Note that if we use this two step approach, then
the dilation has to be at least Q(p) since the dilation of the embedding of T (h) into T3(h)
has to be Q(p). We now return to the main result of this section, namely the one of efficiently
embedding T°% (h) into a hypercube Q(d).

Let there exist an embedding ¢, of T%(h) into Q(d) with dilation &, and |Q(d)| > |T°(h)|.
Then, for k& = b2P there also exists an embedding ¢, of T%(h) into Q(ph + d) so that the
dilation is O(p + d). Observe that if embedding ¢, achieves an expansion that is O(f(h)),
then embedding ¢y also achieves an O(f(h)) expansion. More specifically, if embedding ¢,
uses hypercube Q(d(h)), then the embedding ¢y uses hypercube Q(ph+d) and the expansion
will remain O(f(h)). Theorem 3 establishes the existence of embedding ¢;. We note here that
many straight forward embedding strategies result in dilation O(pd,) whereas our embedding
¢y achieves dilation O(p + d;). The basic idea for obtaining ¢y is to again use a two step
approach, in which we first embed 7°% (h) into an intermediate graph G that is composed

of hypercubes and trees T°(h), and then in the second step we embed G efficiently into
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Q(ph + d). Lemma 1 establishes the result of the first step and Lemma 2 establishes the
result of the second step. Throughout the rest of this section we use the following notations.

We assume k = b2P with p > 1 and b > 2 unless otherwise stated. Let G = (V, E) and
H = (Vg, Ex) be two graphs. Then the graph product of G and H, denoted as G x H, is
defined (as in any standard graph theory text book) to be the graph with node set Vi x Vi
in which node (u, v) is adjacent to node (u', v') if and only if either u = v’ and edge vv' € Ey
or v = v' and edge uu’ € Eg. We can also view G x H to be composed of |V| copies of
graph H such that the graph induced by the 2 nodes in these copies form the graph G for
some fixed z (note that we choose z' node from the first copy of H in G x H, choose z'"
node from the second copy of H and so on). Let T%(h) be a complete k-ary tree. We denote
the root of T*(h) as KR(h) and the i'" leaf of T*(h) as KL;(h), 1 < i < k", where the
leaves are ordered in a lexicographic manner. In a graph Q(d) x T°(h), we have 2% copies of
T®(h) since hypercube Q(d) contains 2¢ nodes. We denote the root of the j% copy of T°(h)
in Q(d) x T"(h) as BR’(h) and the i leaf in the j* copy of T%(h) as BL!(h), 1 < i < b”
and 0 < j <29 —1. We next describe Lemma 1.

Lemma 1 If k = b2P, then any k-ary tree T*(h) can be embedded into Q(ph) x T®(h) with
dilation p + 1 where “x7” is the graph product and p > 1.

Proof: In order to describe the claimed embedding we use induction on h. For the basis
case when h = 1, we would like to embed (k + 1)-node tree T*(1) into a ((b + 1)2P)-node
graph Q(p) x T°(1). In the graph Q(p) x T%(1) we have 2P copies of T%(1) labeled as copies
0,1,---,2” — 1. By assigning node K R(1) to node BR"(1) and leaf K L )(1) to leaf node
BL;(I) for 1 <j<band 0<i<2P—1, we have the embedding. It is also easy to see that
the dilation is at most p + 1 since BR’(1) is at most distance p away from BR°(1) (they
belong to a hypercube of dimension p), and BR’(1) is adjacent to BL;(l). See Figure 8.
Observe that leaves of T*(1) are assigned to leaves of T°(1)’s in Q(p) x T°(1).

Assume now by induction hypothesis that T%(h) can be embedded into Q(ph)x T?(h) with
dilation p + 1 so that leaves of T*(h) are assigned to the leaves of T°(h)’s in Q(ph) x T°(h).
We need to show that 7%(h+ 1) can be embedded into Q(p(h+1)) x T°(h+ 1) with dilation
p+ 1 so that the leaves of T%(h + 1) are assigned to the leaves of T°(h + 1)’s.
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Figure 8: Embedding of Lemma 2 when h = 1. (Every triangle indicates 7°(1). The

assignment of the leaves of T%(1) is shown below the leaves of 7°(1).)

We can view tree T#(h+1) as a tree T%(h) such that every leaf of T*(h) has k additional
children which are also the leaves of T*(h + 1). Furthermore, we view graph Q(p(h +
1)) x T°(h + 1) to be composed of 2P"*? copies of T®(h + 1) such that they are labeled
by trees i,j for 0 < i < 2°" — 1 and 0 < j < 2?7 — 1. See Figure 9. We further view
T?;(h +1) as a tree T} ;(h) such that every leaf of T};(h) has additional b children which
are also the leaves of le](h + 1). With this decomposition of graphs in mind, we can embed
T*(h + 1) into Q(ph + p) x T*(h + 1) as follows. We have the dilation p + 1 embedding of
T*(h) into UZ " T}?(h) from the induction hypothesis since graph Uzt T}?(h) is nothing
but a graph Q(ph) x T°(h). Furthermore, a leaf K L,(h) of T*(h) is assigned to a leaf
BL:0(h) for some i,n and m. Since nodes BL%J(h) form a hypercube of dimension p for
0 < j < 2P —1, we may assign the k children of KL, (h) in T*(h+1) to nodes that consist of
the b children of BL}7(h)’s in T¢ ;(h + 1) (a total of b2? = k children) such that the dilation
between KL,(h) and its child is at most p + 1. Using this idea in general, we can assign
leaf K Ly (h+1) of T*(h +1) to node BL;(h+1) of Q(ph+p) x T*(h+ 1) such that integer
x = ((i1b" +i2)2P + j)b+ s, integer y = ib+ s and 2z = iy, j (note z is a pair of two integers 7,
and j) with 0 <i; <2Ph —1,0<i, <b*, 0<j <2°—1and 1< s <b. Since we are only
‘extending’ the embedding of T%(h) to obtain an embedding of T%(h+ 1) in such a way that
every consecutive k/b leaves of T*(h + 1) form a hypercube of dimension p and since the

assignments of the leaves of T7%(h) does not change from the original embedding (given by
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Figure 9: Embedding of Lemma 2 for the Induction Step. (Note ¢ = 2P — 1 and ¢’ = 2Ph —1.

Every large triangle indicates a complete b-ary tree T°(h) and small triangle indicates 7°(1).)
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the induction hypothesis), it is easy to see that the dilation of the embedding of T*(h + 1)
into Q(p(h+1)) x T*(h+ 1) remains at p+ 1. Furthermore, leaves of T%(h + 1) are assigned
to the leaves of T°(h + 1)’s in Q(p(h + 1)) x T®(h + 1), and hence we complete the proof of

this lemma.ll

Lemma 2 If T°(h) can be embedded into Q(d) with dilation &, then Q(ph) x T®(h) can be
embedded into Q(ph + d) with dilation §, where “x” is the graph product.

Proof: The claim of the lemma follows trivially since Q(ph+d) can be viewed as Q(ph) X Q(d)
and we know that there exists an embedding of T°(h) into Q(d) with dilation &;.1

Theorem 3 If there exists an embedding ¢y, of T°(h) into Q(d) with dilation 0y, then there
exists an embedding ¢ of T*?" (h) into Q(ph + d) so that the dilation is at most p + &, + 1.

Proof: By combining the results of Lemmas 1 and 2 and using the fact that only the edges
of T°(h)’s get dilated by d, during the embedding of Q(ph) x T®(h) into Q(ph + d), the
theorem follows. Nl

Since our embedding of ternary trees achieves congestion 3, it is not hard to see that the

embeddings of T*(h) for k = b2P achieve a congestion of ©(min{b, 2P}).

Corollary 4 If the expansion of the embedding ¢, of Theorem 3 is O(f(h)), then the expan-
sion of the embedding ¢y, is also O(f(h)).

We conclude this section by stating some of the implications of Theorem 3. The embed-
ding strategy of Theorem 3 can be generalized to obtain efficient embeddings of complete
b3P-ary trees T (h) into hypercubes. We simply need to change the graph Q(ph) x T°(h) of
Lemma 1 to graph Q([phlog3]+1)xT?(h) and then use the ideas of the embedding of 7% (h)
into Q([phlog3]+1) to obtain an efficient embedding of T%" (h) into Q([1.6ph]+1) x T®(h).
Theorem 3 along with Corollary 4 also give us the following corollaries which establish the

result for efficiently embedding 7%% (h) whenever b = 2,3 and 3¢.

Corollary 5 Any complete 2P-ary tree T (h) can be embedded into a (ph + 1)-dimensional
hypercube Q(ph + 1) with dilation p + 1 and expansion O(1).
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Corollary 6 Any complete 3x2P-ary tree T>?" (h) can be embedded into a (ph+[hlog3]+1)-
dimensional hypercube Q(ph+ [1.6h] +1) with dilation p+4 and expansion O((1.0104...)").

Corollary 7 Any complete 37x2P-ary tree T3"**" (h) can be embedded into a (ph+[qhlog3]+
1)-dimensional hypercube Q(ph+[1.6qh|+1) with dilation p+3q+1 and expansion ©(((1.0104. ..

Corollary 8 Any complete 6P-ary tree T (h) can be embedded into a ([phlog6] + 1)-
dimensional hypercube Q([2.6ph]+1) with dilation 4p+1 and expansion O(((1.0104...)P)").

4 Conclusion

In this paper we have presented efficient embeddings of ternary trees into boolean hypercubes.
We have also presented a few results on efficiently embedding complete k-ary trees into
hypercubes for specific larger values of k.

Naturally, a number of questions regarding the embeddings of k-ary trees remain open.
One of the very first questions which comes to mind is: Can the embedding strategy of
a ternary tree be simplified further? The answer to this question may lead to efficient
embeddings of k-ary trees when k is a larger prime number. Even though for most of the
practical values of h our embedding of ternary trees achieves a small expansion, it is not
optimal for all the values of h. Hence, the problem of obtaining embeddings of ternary trees
into optimal size hypercubes remains open.

In this paper we considered only 1-1 embeddings of a k-ary tree into hypercube. If we
allow many-to-one embeddings, can we obtain efficient embeddings for any value of k7 Here,
we would be more interested in the solutions where no more than O(1) nodes of k-ary trees

are assigned to a node of the hypercube.
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